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ABSTRACT 

We obtain a basis of diagonal free field multi-matrix 2-point correlators in a theory with 
global symmetry group G. The operators fall into irreducible representations of G. This ap- 
plies for gauge group U (N) at finite N. For composites made of n fundamental fields, this is 
expressed in terms of Clebsch-Gordan coefficients for the decomposition of the n-fold tensor 
products of the fundamental field representation in terms of G x S n representations. We use 
this general construction in the case of the SL(2) sector of M = 4 SYM. In this case, by using 
oscillator constructions, we reduce the computation of the relevant Clebsch-Gordans coupling 
infinite dimensional discrete series irreps of SL{2) to a problem in symmetric groups. Apply- 
ing these constructions we write down gauge invariant operators with a Fock space structure 
similar to that arising in a large angular momentum limit of worldvolume excitations of giant 
gravitons. The Fock space structure emerges from Clebsch multiplicities of tensor products 
of symmetric group representations. We also give the action of the 1-loop dilatation operator 
of Af = 4 SYM on this basis of multi-matrix operators. 
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1 Introduction 

AdS / CFT [H l2l |3] allows a translation of many hard questions of quantum gravity to ques- 
tions in the dual CFT. Intriguing lessons on quantum gravity have taken the form of the 
stringy exclusion principle jl]. Some aspects of this principle find a geometrical expression 
in the properties of giant gravitons [SI E] . The systematic study of the correlation functions 
of gauge invariant multi-trace local operators in the half-BPS sector has been fruitful in 
identifying CFT duals [7J [8j [9] of giant gravitons, strings attached to them [101 HH [12] as 
well as bulk geometries resulting from their back-reaction on space-time [T3]. An important 
step in these maps to spacetime is the identification of appropriate diagonal bases in the 
space of multi-trace operators. For holomorphic operators constructed from a single com- 
plex matrix, relevant to the half-BPS sector, this was solved in [8]. Recent generalizations 
including non-holomorphic operators and multi-matrices have been achieved [TU HS1 HSj • 

In [IS] we solved the diagonalisation in the sector of holomorphic operators constructed 
from M complex matrices transforming in the fundamental of U(M) (the case of M = 3 
being of interest in M = 4 SYM). We gave covariant operators with correlators of the simple 
form 

( { 6^% { 6^> M ^)f) = 5^'5 M ^> £ DUo) (*)«(a~% (1) 

cr€S n 

We will call this the canonical covariant form. A is the U (M) irreducible representation 
and Ma labels the state within this irrep. D^,(o~) is the orthogonal matrix representation 
of the S n representation A. There is no spacetime dependence because we are considering a 
4d analogue of the Zamolodchikov metric used in 2d CFT. We will often use the expression 
'two-point function' interchangeably with this metric. 

These covariant operators lead to gauge invariant operators with diagonal correlation 
functions 

/ KM A ,R,r \h',M' hl ,R',r'\ ^ $AA' § M A M' A , fiRR' § tt' ^ 

R is the U(N) representation which organises the multi-trace structure of the operator. 
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In this paper we will explain how to get the canonical covariant form ([T]) for any global 
symmetry group G. This will use Schur-Weyl duality which we review below. The diagonal 
operators for the gauge invariant operators (J2J) follows automatically (see Section [6]). 

Applied to A/*=4 SYM this means we solve the problem of writing down a basis for the 
space of all gauge invariant operators in the theory (and in any subsector of the theory). 
Operators are labelled by lowest weight representations of the global symmetry group and 
diagonalise the free two-point correlation functions. We write these operators in terms of 
appropriate Clebsch-Gordon coefficients and it should be noted that finding the CG coeffi- 
cients themselves is still a difficult problem in general, but we show how to do this in the 
particular example of the SL{2) sector. 

1.1 Schur-Weyl duality and G x S n Clebsch decompositions 

Let Vp be the fundamental representation of U(M) (or GL(M)). Classical Schur-Weyl 
duality gives the decomposition of Vp n in terms of irreducible representations of U(M). It 
relies on the fact that in the algebra of linear operators acting Vp n , i.e. in End(V F Sln ), the 
maximal subalgebra which commutes with U(M) is exactly the group algebra of S n . It gives 
the decomposition of Vp n under U(M) <S> S n : 

Vf* = V^ {M) ®Vt (3) 

Ahn. 

Here Ahn denotes the fact that A runs over partitions of n, which correspond to Young 
diagrams with row lengths (ri, r 2 • • • ) with > r»+i. According to (jHJ), Vp n has a complete 
basis of states of the form |A, Ma,ttia), where Ma label states in the irrep. of U(M) corre- 
sponding to the Young diagram A and label states in the irrep. of S n corresponding to 
the same Young diagram. For n > M, the above has to be qualified with the constraint that 
ci(A) < M, i.e. the maximal length of the first column of the Young diagram is M. 

Schur-Weyl duality is a special case of the double centraliser theorem (or double commu- 
tant theorem) which gives a decomposition generalising (j3J) for any algebra acting on a vector 
space W (for a brief statement of the key relevant facts see Section 1 of [T7] or textbooks 
such as |18j). The decomposition is given in terms of the algebra of interest A and the corn- 
mutant (centraliser) of its action in the vector space, often denoted as End,A(W)- Let G be 
the global symmetry group of a field theory. Let Vp be a representation of G formed by a set 
of fields in the theory. We will consider W = Vp n and the algebra of interest is the universal 
enveloping algebra of the Lie algebra of G. Often G will be a subgroup of the full symmetry 
group of a gauge theory. In the case of M = 4 SYM, if we are interested in the six hermitian 
scalars (without space-time derivatives), Vp is the fundamental of 50(6). If we write the six 
hermitian scalars as three complex ones, and only consider the holomorphic combinations, 
then the symmetry group of interest is U(3) and Vp is the fundamental 3-dimensional repre- 
sentation. This is the case we studied in [JS] and is covered by classical Schur-Weyl duality. 
In this paper one of the main examples will involve G = SL(2) and Vp will be an infinite 
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dimensional discrete series representation corresponding to a single scalar field X and its 
derivatives with respect to one light-cone direction, dX, d 2 X, ■ ■ ■ . More generally we have 
fields W m G Vf where m may run over an infinite dimensional vector space. In the SL{2) 
example we would have W m = <9 m $. We will then consider the n-field composites 

W mi ® W m2 g> • • • <g> W mn (4) 

which transform in the representation Vp n of G. This space also has an action of the 
symmetry group S n which permutes the n fields. This S n action commutes with G, but does 
not provide the full commutant of G. Equivalently there is a non-trivial commutant algebra 
of G x S n , denoted by Com(G x S n ). By the double-commutant theorem, this will organise 
the multiplicities of G x S n representations. We have 

ryGy.n = Q yG 3 yS„ yCorn ( GxS n ) (g) 
A,Ai 

where A is a representation of the global group G and Ai is a representation of S" n . Va,Ai gives 
the multiplicity with which A of G and Ai of S n appear together. It is a representation of 
Com(G x S n ). The explicit form of Com(G x S n ) will not be needed in this paper, with Va,Ai 
appearing simply as the carrier space of a multiplicity label. In diagonalising the free-field 
two point functions, the decomposition of Vp n in terms of the group G x S n will be crucial. 

The study of the multiplicity of the decomposition of ra-fold tensor powers in terms of 
G X S n is called the plethysm problem. This is solved for SU(2) in [19] and is, for more 
general G, the subject of a large mathematical literature. For developments on the use of 
the combinatorics related to plethysms in the context of chiral rings of a large class of M = 1 
S YM theories see [20] • For our purposes, we will be interested, not only in the multiplicities 
of plethysms but also the corresponding Clebsch-Gordan coefficients. Using these we will 
obtain explicit gauge invariant operators which diagonalize the Zamolodchikov metric. 

1.2 Outline of paper and main results 

In Section 2 we will find the canonical covariant form for the SL(2) sector. In particular 
we will have in mind derivatives acting on one complex scalar X. In Section 3, we will 
give explicit formulae for the SL(2) x S n multiplicities involved. We will be heavily using 
the oscillator construction of SL(2). In Section 4, we show, for any global symmetry G 
and for n-field composites with the basic fields transforming in any representation V of G, 
that the covariant canonical form follows once we construct n-field composites using the 
Clebsch-Gordan coefficients for the G x S n decomposition of V® n . In Section 5 we give 
various examples of this general case explaining how the diagonalisations in the U(M) and 
SL(2) sectors follow this general pattern, and how the canonical covariant corresponding 
to representations of the higher spin group HS(1, 1) are also included. We describe some 
useful facts concerning SO (6) x S n multiplicities relevant to the SO (6) sector of six hermitian 
scalars and finally we show how to apply the construction of Section 4 to the case where 
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where G is of the product form G\ x G 2 - In Section 6 we review how to get the diagonal 
gauge-invariant operators from the canonical covariant form and show the compatibility of 
the counting with matrix model methods of [2Tj. Section 7 shows how our results on the 
SL(2) sector can be used to provide the gauge theory operators dual to the worldvolume 
excitations of giants considered in [22]. The one-loop mixing of the gauge- invariant operators 
constructed in Section 6 for M = 4 is analysed in Section 8. 

2 SL(2) sector: covariant operators 

We consider the SL(2) sector which we can view as a reduction of Af = 4 SYM to a sector 
with a single light-cone derivative of the complex scalar X. We choose d = (do + d^)/2. 
We find the basic two-point function 

chXf (0)> = L*£fo + fr±i>! H l> (6) 

If we consider M = 4 SYM on TZ 4 , we take our two operators to zero and infinity 
(corresponding to opposite poles of the conformally equivalent S A ) we have 

(d kl X^)(x' = 0) d k2 X k (x = 0)) = 6 klk2 (kx]) 2 8\ 8 k (7) 

where x' = x/x 2 is the coordinate patch around the north pole and x around the south. 
This technique is well known from the studies of conformal field theories in two dimensions 
and the above is known as the Zamolodchikov metric (see [231 Elj for a general account and 
[25] for applications to M = 4 SYM). Note that this metric on operators is defined using 
space-time dependent two-point functions but is itself independent of spacetime. Knowing 
the metric for arbitrary derivatives allows a reconstruction of the spacetime dependence. 

2.1 Oscillator construction 

The oscillator representation allows an elegant method of constructing primary fields in the 
SL(2) sector [26l [2?]. By using this representation to find the Clebsch-Gordan coefficients 
associated with the SL(2) x S n , we will solve the problem of finding the canonical covariant 
2-point functions. It will turn out that in addition to the groups SL{2) and another 
symmetric group will play an interesting role. It is where k is the number of derivatives 
required to construct the lowest weight state. 
The SO(A, 2) conformal algebra is given by 

[M^ Pc] = VbcPa ~ VacPb , [M ab , K c ] = f] bc K a - Vac K b , (8) 

[Mob, M cd ] = 7] bc M ad - Vac M bd + 7] ad M bc - 7] bd M ac , (9) 
[D,P a ]=P a , [D, K a ) — —K a , [K a , P b ) = 2 Vab D - 2M ab (10) 
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The SL(2) sector in terms of the conformal generators can be chosen as 

L + = l(P + P 3 ) L- = l(K -K 3 ) L = ±(D-M W ) (11) 

giving 

[L_,L+] = 2L , [L ,L ± ]=±L± (12) 

This algebra may be represented using oscillators as 

L + = a) + a) a) a , L = ~ + a) a , L_ = a (13) 

where [a, a'] = 1. The lowest weight state of the representation Vp is denoted |0) and is 
annihilated by all the lowering oscillators L_ = a. It can straightforwardly be checked that 
the raising operators L + then act on the lowest weight state as 

(L + ) k |0) = k\ (a f ) fc |0) <-> 8 k X |0> (14) 

By the operator-state correspondence, the operator on the RHS above acts on the CFT 
vacuum at the origin in radial quantization to give a state. Hence we have a map from 
oscillator states used in the representation theory of SL(2) to states in radial quantization. 
Dual states in the oscillator Hilbert space map to states at the dual vacuum (at infinity) in 
radial quantization. 

(0\L f L = (0\a k <-> (0\d k X (15) 

Note that the usual oscillator inner product correctly maps to the inner product given by 
the Zamolodchikov metric (CO). The normalization in (ED) is easily calculated using the SL{2) 
algebra once we use the fact that L_ is the hermitian conjugate of L + in radial quantization. 

In a similar way we can represent the tensor product Vp n by considering n independent 
oscillators a^. In this space the action of the diagonal SL(2) is obtained by summing over n: 

L + = V](aJ + a\a\a,i) , L = \n + ofa, , L_ = a, (16) 

i i i 

The relation between the oscillator states and the field states is: 

n 1 

I (4) kl 1°) ^ rrn — n dkix ® 9fc2X ® ' ' ' ® 9fcnX 1°) ( 17 ) 

/Cl./v2. . . . rZ n . 

The lowest weights are annihilated by L_ = J^jfli. All the lowest weight states at level 
L = n + k are generated by fc-oscillator states obtained as products of (a] — a]) acting on 
the vacuum. The simplest example is at n = 2 where the lowest weight states are all of the 
form 

0* = (4 - 4)*|0) (18) 
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Expanding out the oscillators and using (ITT)) we find the corresponding operators in field 
space 

° k ~ ( ■ ) (- 1 ) fc " J ® <9 fc " J X (19) 
i=o 

These are conformal higher spin currents, first constructed in |28j . 

2.2 Action of SVt on A a 

The lowest weight states are clearly generated by the n — 1 differences of oscillators a| — aj. 
The following basis will be very useful 



4 = E ( 2 °) 



i=l 



where J a * takes us from the natural representation of S n on n objects (labelled by the index 
i) to the n — 1 dimensional = [n — 1, ll representation for which we will choose the 
orthonormal basis (labelled by the index ajj. The matrix J will thus have the following 
properties 

DgWtf = Ja^ (21) 
JaWW = ^ (22) 

with D^ b (a) the orthonormal representation. Explicitly we find 



A\ = - 7 == U + ... 4 - ial +1 ) (23) 
Vi(i + 1) v y 

The details of the S n action on A\, and its relation to the orthogonal representing matrix of 
the hook representation D^ b (a), are given in Appendix Section IB"1 



2.3 Canonical covariant form using oscillators 

The simplest operator in the space Vp n is given by n scalar fields without derivatives 

(^)S-'t = X l® X f.®---® X t ( 24 ) 

The scalar fields lie in the adjoint representation of the gauge group U(N). Using multi- 
indices I — (ii, « 2 • • 'i n ) an d J = (ji,h ' ' 'Jn) w e can write 

(O n Yj = (X®X® ■■■X) I j = X. I J (25) 

^^The natural representation of S n on n objects is a reducible representation and decomposes into the 
n — 1 dimensional rep H = [n — 1, 1] and the 1-dimcnsional symmetric rep [n] . We consider the map from 
dj onto the symmetric representation in Section 12.41 where we see that they correspond to the application of 
the SL{2) descendant operator. 
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There is a map which takes the states in the oscillator construction of the Vp n representation 
of SL(2) to operators or states (by the operator-state correspondence) in the CFT. The 
vacuum of the oscillator construction maps to X^IO). Denoting the map from oscillator 
Hilbert space to the CFT states as pj we may write 

pS(|0» - X$|0) = |XS> (26) 

The vacuum on the right can be viewed as the vacuum in the CFT associated with the origin 
in radial quantization. The dual oscillator vacuum maps to the dual vacuum at infinity in 
radial quantization. 

PS(<0|) - <0|XtJ = (XS| (27) 
The correlation function of these operators is 

(xSlxf ) = Yl (28) 

Now the operator corresponding to aj|0) has n — 1 scalar fields X with one derivative of 
a scalar field dX sitting at position i. Summing over Wick contractions and using the 
orthogonality in ([7]) gives the following correlation function 

p$«okK (41°)) = E ^uAi^J (29) 

Here one only sums over permutations a which map position j to i, enforced by the delta 
function. This in turn leads to the correlation function for k oscillators (k derivatives): 

p I J ((0\a h a i2 ...a ik \)pf(a} l a] 2 ...a] k \0)) = <W p(1) ) • • • <W„ w )^i(05 ( 30 ) 

We wish to rewrite this in terms of the lowest weight states [A\ t A\ 2 . . . A a |0)J. The 
correlation function of these states is then 



p / J ((0|(A ai A Q2 ...A ak ) pf (A\Al . . .4J0» 

= E E J ^ pW) ■ ■ ■ J ^ p(k)) ( Jt )£ • • • ( J ^: ^) k j 



J at ...Ja u VJ ) bl ■ ■ ■ V J ' )b k ° L\° ) K 

= E E D ^M) ■ ■ ■ ^ c »^ (1) • • • J'r (J% ■ ■ ■ {J% 

= E E < W M ■ --K^) rt*- 1 )? ( 31 ) 

pes k aes n 

Now notice that A^A^ . . . A' is totally symmetric in the aj indices and thus lies in the 
totally symmetric tensor product Sym(V^ fc ). Equivalently this is the projection in 

y§ k = ^if ® ® y Al>A2 (32) 

Ai,A 2 
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to A 2 = [k]. We can consider the corresponding Clebsch- Gordon coefficients to the irreducible 
representation A x . 

A 1 ,[k],m. Al ;T . . 

<-/ ai ...a fe yoo) 

The index r runs through the multiplicity of the irrep. A 1 ® [k] of S n x S fe in V^ fc which 
is the dimension of Vaja;] • Equivalently, this is the multiplicity of Ai of S n in Sym(Vjf fe ). 
Formulae for the multiplicities are given in Section [3j The Clebsch- Gor dan coefficients are 
explained in Appendix Section rAJ 

The CG coefficients have the following properties. Firstly 

„Ai,[fc],m Al ;r „Ai,[fc],m Al ;r w „ , , 

Oai...o fc - ^a p(1) ...a p(fe) Vp G Sfc (d4J 

which simply reflects the fact that the CG coefficient couples to the symmetric product 
Sym(V® k ). Secondly 

<-V..a fc D ai bM) ■■■ D a k bM) = D m Al m' Ai ( (T ) C b 1 ...b k ( 35 ) 

which is derived in f ll60p . Finally orthogonality: 

Ai,[fc],m A ;r + A 'l>l k }, m ' A , < T ' 
C ai .'..a k ' V (C ) ai ...a k 1 = ^AiA'^m^m^&rr' (36) 

Now define new operators transforming in the irreps. of S n 

[o^^)) = ct'Sr i]T p'mi ■ ■ ■ <io» (37) 

Using the properties of the Clebsch-Gordon coefficients we show that the operators (9 n ' fc;Al,mA i ;TA 
have the following correlation function 



a rn Aijfcl.m' , it' 



a rn - Ai Jfcl ,m' , ;r' ^ 

snn'xkk'u n Xl ^' mA i' T ( n]\ A i n A i ^ J/ 1 -1\A' 

=^"V fc V^'A;! £ (^ aKa- 1 )^ (38) 

2.4 Descendants 

We have a raising operator L + (see equation (TIE!) ) corresponding to a space-time derivative. 
Acting on the lowest weight state we obtain the descendant operator 

A=n+k,MA;M,m Al ;r = ( L+) M A ^-W^ST ^ _ _ _ | x ^ (3g) 
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We then find the expected canonical form, using the commutator relations in Section 12.11 

' A=„ + fe,M A; A ll m Al ;r^t) A ' =n ' +fe '' M A'' A i' TO k' 1 = rM 

= s nn '6 kk '6 MAM A'S AlA '^ TT ' (Ma!) 2 fc! V D M , (a) ^(a" 1 )^ (40) 

crZSn 

3 Multiplicities of SL{2) x S n irreps. in V® n 

In this section we give formulae for the multiplicities of the operators found in (lUTj) using 
characters. 

3.1 Multiplicity of SL(2) irreps. 

We begin by considering the multiplicities of SL(2) irreps in Vp n which includes a sum over 
S n irreps. The states d l X in Vf have weights L = 1 + /, with / going up to infinity. They 
form a lowest weight discrete series irrep V\ = Vp. Similar discrete series irreps exist for any 
k, i.e. Vfc. We wish to find the tensor product decomposition of V® n in terms of the irreps. 
Vfc. This can be derived by characters. The character of the irrep. V& is 

OO fc 

Xk (q) := Tr Vk (q L °) = = (41) 

For the tensor product V® n we get the character 

q n 1 



_ q ) (1 _ q )n-l 



q n ^ (n-2 + k)\ k 



l-o)^ fc!(n-2)! 



X^Xn+fc(g) m(k,n) (42) 



fc>0 



where we have defined 

, (n-2 + k)\ 

We thus have the decomposition of as: 

V^" = m(k,n) V n+k (44) 

fc>0 

We have seen in the previous section that the multiplicity m(k, n) is generated by k 
powers of the oscillators A* a . They transform in the H = [n — 1, 1] representation of S n with 
dimension (n — 1). The /c-oscillator states transform in the symmetrised tensor product of 
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the hook representation which does indeed have dimension m(k, n). The multiplicity m(k, n) 
can be decomposed into irreps of S n by finding the decomposition of Sym(V^ fc ) into irreps 
of S n . We can therefore write 

v ?" = © v 'a=«+* ® Sym(V,f) 

= ®V^V! ; - 9V ^ SU ^ (45) 

k 

Here the integer k runs from to infinity and Com(SX(2) x S n ) is the commutant of SL(2) x 
S n . Now if we act with a projector P^ = -^-'^2 a XAi( cr ) cr on ^i 0n we wm project out the 
subspace with a fixed A x . Taking the SL(2) character in this Ax-symmetrised subspace and 
expanding in terms of the characters of V p will yield the dimensions of the multiplicity spaces 
C^^'- This provides a way to solve the problem of decomposing Sym(V§ k ) into 
irreps of S n . We consider this problem in the next section. 

3.2 Multiplicities of SL(2) x S n and g-deformed GL(oo) 
3.2.1 Examples of symmetric and antisymmetric S n irreps 

As an example of this method, take Ai = [n] the symmetric irrep. We want to calculate 
tr-yyP^q 10 where the trace is taken over W = V® n . This means calculating q L ° in the 
symmetrised subspace of V® n . A basis in the symmetrised subspace of |mi,m 2 , ..,?n n ) is in 
1 — 1 correspondence with natural numbers m^rr^, • • -vrin obeying 

< mi < m 2 < • • • m n < oo (46) 

So the character is 

oo m n mz Tni 

L+m 2 H Ym n 



tr w P [n] q L ° = q n Yl E ' " " EE ^ 

m„=0ra„_i=0 iri2=0ini=0 
n 1 

The multiplicity of V^^_ k ® V^ n ' ) is then the coefficient of g fc in the generating function 

(48) 



i=2 v 



As an example for n = 2, the multiplicity of V-2+fc is the coefficient of q k in yz-2- This tells 
us that the symmetric irrep. of S n only appears for k — 0, 2, 4, • ■ ■ with unit multiplicity. 
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n(n — 1) 
n - - 

q q 2 

t=i L ~ 

n n 

q' 1 n(n-l) 

q 2 



Similarly, for R = [l n ] we apply the antisymmetric projector to W we have a basis in 
correspondence with (mi, m 2 , • • • , m n ) with m x < m 2 < ■ ■ ■ < m n . So the character is 

oo Tin— 1 — 1 TI3 — lm,2 — 1 

frw(P[i»]g i0 ) =g n E • • • E E g mi+m2+ - +m " 

m n =n-lm„_l=n-2 m2=lmi=0 
n 

n 

^ i=2 ^ 

So the number of antisymmetric [l n ] irreps. of S n in the multiplicity space of V n +k is the 
coefficient of q h in 

n(n — 1) 

RFFf) (50) 

This multiplicity is zero unless A; > n< - n 2 -1 ^ . This is as it should be because the antisymmetry 
condition means that we need X, dX, ...d n ~ l X which has weight n + — p^. 

3.2.2 The generating function for any SL(2) x S n irreps 

In fact it turns out we can write down a compact formula for the generating function for the 
multiplicities of VA= n +k ® Va.i i n VV for any A x . It is given by 

(1 _ g)g E^^JJ_l_ (51) 

The product runs over the boxes of the Young diagram of Ai and hb is the hook length of 
the box. Ci is the column length of the z'th column. One can check that this agrees with 
(HI and (EDJ) for R = [n] and R = [l n ). 

The proof of this generating function, using g-dimensions of GL(oo), goes as follows. 

3.2.3 Proof using g-dimensions of GL(oo) 

It is useful to think of the infinite dimensional representation Vp as a limit of finite di- 
mensional representations of GL(N) for N — > 00. This corresponds to considering 
fundamental fields of the form d k X for < k < N - 1. States in V^ n = V? n of a fixed S n 
symmetry given by Young diagram Ai, can be labelled by inserting n positive integers from 
1 • • • N into the Young diagram, with the numbers strictly decreasing down the columns and 
weakly increasing along the rows. These are the semi-standard Young tableaux [21] . We will 
denote by rh(R) a set of numbers corresponding to a semi-standard Young tableau. This 
corresponds to operators consisting of the letters d mi ~ 1 X, . . . , d mn ~ x X. So we have 

tr w P Al q Lo = q mi+m2+ - mn (52) 

rh(R) 
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In a standard basis of GL(N), with being the column vector with 1 in the z'th place and 
elsewhere, the diagonal matrices En act as 

The weight q m can be identified with the eigenvalues of g^m mEmra . Precisely this generator 
appears in the computation of the g-dimension of the representation Ai of U q (GL(N)). This 
sum also appears in studying the decomposition of V® 11 for the SU(2) representation Vj 
(2j + 1 = N) in terms of SU(2) x S n [ES]. It is known to be 

c, (e ,~i) T-r (1 - q*- i+j ) 

n 1 i _ v, 1 <«) 

where z runs along the columns, j runs along the rows of the Young diagram, and h(i,j) is 
the hook length of the box labelled by When N — > oo in a region of g < 1 ( where the 

desired sums converge), the numerator goes to 1 and we get the result 

i>3 



Factoring out the character of V^ =n+ k which is we get the multiplicity of this repre- 
sentation. This proves the claim that the coefficient of q k in (|5T|) is the multiplicity of the 
representation V^ =n+ k in W. 



3.3 The general case using characters of symmetric groups S n x Sk 

As we explained in Section 3.1, the oscillator construction of SL(2) representations implies 
that the multiplicity of the SL{2) x S n representation V\ =n+ k ® Va x in the decomposition 
of y® n is given by the multiplicity of V\ 1 of S n in Sym(V§ k ). Equivalently this is the 
multiplicity of the representation Ai <8> [A;] of S n x Sk in V§ k , where [A;] denotes the Young 
diagram of Sfc with a single row of length k which is the symmetric representation. The 
projectors P\ t ® Pw, can be written down using characters of symmetric groups. Hence we 
have 

= ^ E E m(r) n(^K)) Cl(T) (56) 

Cj(r) is the number of cycles in r of length i. See Appendix Section fA. II for further details. 
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We can check that this multiplicity gives the correct m(k,n) 

m(k,n) = ^ ^Ai^A=n+fc,Ai 
Ai(5„) 



n! ^ 1V 'fc! 



^(tr^(id))^-« 



fc! 

= dim n _i[fc] 
_ (n-2 + AQ! 

" fc!(n-2)! 1 j 

We have identified m(k, n) with the dimension of the totally symmetric GL(n — 1) represen- 
tation [fc]. 



4 General G, V 

We now consider how the derivation of the canonical covariant form, such as (1381) in the 
SL(2) case, generalises to the situation of any global symmetry group G. The Lie algebra 
generators act on n-fold tensor products of representations V\ <8> V% • ■ ■ <g> V n as 

A n (J a ) = J a ® 1 ® ■ • • <g) 1 + 1 <g) J a ® • ■ ■ ® 1 + ... + 1 ® • ■ • ® J a (58) 

In particular we will be interested in the n-fold tensor product of the representation Vp 
corresponding to the fundamental fields in (a sector of) the theory. Note that the action of 
G commutes with the symmetric group action permuting the n factors in the tensor product. 
For any a G S n we have in End{Vp n ) 

a A n (J a ) = A n (J a ) a (59) 

The signs that arise in the super-algebra case will be discussed in section 14.1.11 where we 
will show that the key result generalizes. 

We will now organise the states in Vp n according to the representations of the product 
group G x S n acting on this space 

(V<?)® n = © A , Al Vf ® Vfc <g> V°°™ iGxSn) (60) 

The n-fold tensor product has states 

\m 1 ,m 2 , ■ ■ ■ ,m n ) (61) 

where m runs over the states in the fundamental representation (which can be infinite di- 
mensional as in the SL(2) case). We can choose an orthonormal basis 

(mi, m 2 , • • ■m n \m' 1 , m' 2 , • • • , m' n ) = b mim ^ ■ ■ ■ 5 mn m' n (62) 
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We can decompose the n-fold tensor product into irreps of the global symmetry as follows 

|m 1 ,---,m n )= C^\A,M A ,i) (63) 

A,M A ,i 

M A is the state within V A and % is a multiplicity index for V A . In fact V® n has an action of 
G x S n so we can decompose the above multiplicity index i into (A l7 m Al , t) where Ai labels 
an S n irrep, m Al runs over the states in the irrep Ai of S n and r labels the multiplicity of 
V A (g) V Al . We define the Clebsch for this decomposition 

c A,M A ,Aum Al ,r = (A)MA)Ai)mAi;T |^ (64) 

The Clebsch are invertible 

\A,M A ,A 1 ,m Al ,r) = ^Cf^^^m) (65) 

in 

so that 

Ct MA M,m Al ,r = (m\A,M A ,A 1 ,m Al ,r) (66) 
Using the hermiticity of the inner product 

n m _ ( n KM A ,ki,m Al ,r\ * . . 

b A,M A ,Ai,m All T — y^m J \° ' ) 

We can always choose an orthonormal basis 

(A, M A , Ai, m Al ,r\A', M' A , , A[ , m A , , r') = 5aa' ^MaM^, ^Ai a^ ^m Al m' A , &tt' (68) 
which leads to orthogonality of the Clebsch 



5>, 



Y A,M A ,Ai,m Al 



,^,,Ai,^ 



J AA 



' ^M A M' , ^Ai A'j ^m/\ 



1"'A' 



(69) 



4.1 Correlators in free field theory 

Corresponding to the orthogonal states in Vp we have fields W m which diagonalize the 
Zamolodchikov metric 



(W m W m >) = 5 mm , (70) 

For the states in Vp n take operators O mi:m2) ... mn = = W mi <g> W m2 ■ ■ ■ W mn . In the case 
of SL{2) this is 

d mi X®d m2 X---®d mn X (71) 



m\\m2\ ■ ■ ■ m n \ 
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The 2-point function can be written as 



(( ° ] mi ,m 2 ,- mn )j, ( Om' x ,m^-m< n )£) = E Yl^Ku) Wj ^ *)£ ( 72 ) 



V(i) 



where the sum over <r runs over Wick contractions and we have used the orthogonality (170j) . 
Define operators in correspondence with the orthonormal G x basis of the V® n : 

CA,MA,Ai,m Al ,T = ^A^M A ,A 1 ,mA 1 ,r^mi,- ,m„ (73) 

The correlator of the gauge-covariant operators is 

( (^A.Ma.A! ,m Al ,t ) J (^A' ,M a , ,A£ ,m A , ,r') L ) 

= E (^cw) * ^m^,^ E II <w»; w (74) 

m,fn' 1 crGSn i=l 

Solve the delta function 

,A/aiAi ,mAj ,t) J (C^M^A^rOf) 

= E ^ fe°Ai,m >r r) ^A'V^Ai.m^, ft ( a )j( a ( 75 ) 

a£S„ fh 1 

We can simplify the a -1 action on V^f™ in the second Clebsch because we know it trans- 
forms under the S n representation A' x : the action is just the matrix representation of A^. 

r , m <r-i-(i)- m <T--i-(n) _ n A[ f„-l\ rrmi-mn fvf!\ 

U A',M',A'm',,T' ~ U m',rh K ,\ 1 U A',M' ,A' rh., ,r> \' U ) 

' A" 1' A' x ' A'j A i A" 1' Aj ' 

Use this and the orthogonality of the Clebsch from equation ( |69l) to get 



(( A,M A ,Ai,m Al ,r)j (^A'^A^, ,r')f > = <W<5 Ma M a AiA'At' E D m H m> , ( a ) ( CT )j *)£ 



<r£S n 



(77) 



4.1.1 Signs in the super-algebra case 

In the case where the generators of G include fermionic ones, there is a small modification 
of the above proof. Fermionic generators Q pick up signs when taken past fermionic fields 

Q{ihh) = (Qipi)^2 - MQfo) (78) 

In this case the action of permutations is defined with a sign for each fermion swap. For the 
transposition of ^1^2 we define 

= (79) 
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It is easy to check that Qs = sQ. This is the key point. If we define the action of permutations 
to pick up a sign for every swap of fermions, we have an action of the permutation group 
which commutes with the super-algebra. Hence Clebsch-Gordan coefficients for G x S n are 
well-defined, and we can define operators according to ( 1731) . The two-point function in this 
case picks up a sign (— l) 6 *™- ") on the RHS of ( 1731) . This sign carries into ( 1751) . Because the 
correct action of the permutations involves this same sign factor, equation (T75|) has the sign 
(_l) e ( m .°") on the left. The final result (177)) remains unchanged. 

4.2 Completeness 

The completeness of these operators in Vp n follows from the invertibility of the Clebschs; 
this means that any state in Vp n can be written as a linear combination of states in V\ <g) . 

If we reintroduce the gauge indices and trace our covariant operators to get gauge- 
invariant operators, then we must also take into account finite N constraints. This is studied 
in Section [HI 

5 Examples and applications 

The above formalism can be applied to any global symmetry G of a theory, or to a subgroup 
of the global symmetry acting on a sector of the fields. In this section we will consider a 
number of examples to which we can apply this formalism. Examples relating to A/"=4 SYM 
are the SL{2) sector described above and the U(M) (BPS) sector considered in [15]. We will 
review both of these sectors from the new perspective of the previous section. Free conformal 
field theories also possess an enlarged symmetry group known as higher spin symmetry and 
we will also see in this section how our construction naturally assembles into representations 
of this. 

Another sector we will consider corresponds to the 6 hermitian scalars of M = 4 SYM and 
the SO (6) subgroup of the global symmetry acting on them. The problem of diagonalising 
the gauge invariant operators amounts to first finding a manageable form of the Clebsch- 
Gordan coefficients for the 50(6) x S n decomposition of the n-fold tensor product of the 
fundamental of 50(6). We will not solve this problem explicitly but will note some facts 
about the relevant multiplicities in Section 15.41 A more explicit description of the Clebsch- 
Gordans analogous to what we gave for U(M) in Section l5~2l would be desirable. 

The sector of six scalars can also be described in terms of the 3 complex scalars and 
their conjugates. In this case, it is natural to use the U(3) subgroup of 50(6). The case 
of purely holomorphic operators was solved in [15] and is reviewed in 15.21 It should be 
possible to include the anti-holomorphic operators by using U(3) along with the Brauer 
algebra Bj^(m,n) used in [T4] for the case of a single complex scalar. 
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Finally we will look at the formalism applied to product groups. To handle a class of 
derivatives of the holomorphic scalars we can use the product group technology applied 
to SL{2) x (7(3). A simple sector including one chiral fermion, 3 holomorphic scalars is 
controlled by SL(2) x U(3\l). For the six hermitian scalars and a class of their derivatives 
we can use SL(2) x 50(6). For more general derivatives we can use 50(4,2) x 50(6). For 
the sixteenth BPS sector we would use SU(3\2, 1) [Slj.For the complete set of fields of Af = 4 
SYM we can use the full symmetry S77(2, 2|4). Calculating the Clebsch- Gordan coefficients 
for the Vp U will allow, following the derivation of ( 177|) from ( 1691) . to get the canonical 
covariant form which in turn leads to diagonal gauge invariant operators using Section EJ 
The relevant Clebsch-multiplicities are known for n = 2 [26]. Finding the multiplicities and 
the Clebsch-coemcients in terms of symmetric groups, as we do below for U(M) and 5L(2), 
is the next step in the solution of the free field diagonalisation problem for M = 4 SYM. 

5.1 SL{2) and Sym(Vf fc ) 

Here we illustrate our scheme with the construction of the Clebsch C^ MAjAl)m T for the 
specific example of G = SL(2), which we considered in section [2J 
In the Fock space of oscillators we have 

|mi,... ) m B >~(al) mi ...(4) m *|0> (81) 

whereas the oscillators A a give the decomposition in terms of SL{2) irreps A = n + k, 
following equation (1631) 

|A, M; K . . . a k )) = O^ 1 "^ \m lt ■ • • , m n ) = A\ ai . . . < } (L + )^|0) (82) 

so the label i in equation ( l63|) is given by the indices (ai, ...Ofc). The Clebsch-Gordon 
coefficients of equation ( 163|) can now be read off. 

The next step is to decompose the label i into irreps of S n . The indices carry the 
n — 1 dimensional hook representation, H = [n — 1,1] of S n . Therefore the label i = 
(ai . . . a k ) carries the reducible representation SymV^ fc . This decomposes into the irreducible 
representations Ai of 5 n with multiplicity r via the Clebsch Gordon coefficient C, 1 ' A \' T 

\(a 1 ...a k )) = C[l- m a ; i ] T \A 1 ,m Al ,r) (83) 

and the inverse transformation is given by C^' m a ^\ as 

|A 1 ,m AlI r)=C7f^ ) ' T |(a 1 ...o fc )> (84) 
Putting all this together we get 

|A, M, A l5 m Al , r) = O^f |A, M; (a 1} . . . a n )> 

= ^) T qSr* (oi "- flfc) K. ■••."»»> (ss) 

The Clebsch of equation (1631) is given by 



„A,M,Ai,m. Al ,r _ „Ai,m Al ,r ^-,A,M,(ai...afe) (SlfW 
m (ai...a k ) rn V ou / 
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5.2 U(M) revisited 

This formalism also applies to the U(M) case studied in [15]. In that case the starting point 
is 

|mi, ■ • • ,rn n ) ~ X mi ® • • ■ ® X mn m* = 1 . . . M (87) 

which is the tensor product of n fundamentals of U(M), V^ n . Then in ( 1631) C^ M)l is the 
U(M) Clebsch Gordon coefficient decomposing V^ n into irreps A with multiplicity i. In this 
case Schur Weyl duality tells us that i also carries the fundamental of the representation A 
of S n . Thus Ai = A and there is no r multiplicity. 
To be explicit, to get the operators of [T5] 

1 

' aeS n fc=l 

Here M = (/i, (5). fi labels the number of different flavour fields in the operator (fii X's, ^2 
Y's, etc.), while (3 runs over the number times the trivial representation of = 5 Ml x ■ ■ • S m 
is contained in S n . Bjp is a branching coefficient for the change of basis for the subspace of 
the irrep. A invariant under H^. Canonically we choose p±, . . -p^ — 1, p^+i, . . ■Pfi 1 +fi 2 — 2, 
.... With this choice we recover the covariant operators in [T3] 

o$? = E c i^i x ^--- x m n = ^J2 B ^ D *M) (89) 

in CTSSn 

We then find the orthogonality we expect, up to a normalisation factor 

^ C A M ,0,i C A\u',0',i' = ^AA' ^nn' $00' "TT (90) 
m 

5.3 The higher spin group 

The free theory of A/"=4 SYM is invariant under an infinite dimensional group i^*S'(2, 2|4) 
known as the higher spin group. In the interacting theory this is broken to the superconformal 
group SU(2, 2 1 4) but it can nevertheless be useful for some applications (eg possible relations 
via AdS/CFT to a possible 'tensionless limit' of string theory) to consider this enlarged 
group. When restricted to the SL{2) sector the higher spin group is known as HS(1,1). 
Operators form lowest weight representations of HS(1, 1) (which further decompose into an 
infinite number of lowest weight representations of SL(2).) The lowest weight states of these 
representations were decscribed in[27]. In terms of the oscillators introduced in section [2~T| 
the higher spin algebra is spanned by the generators 
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which clearly contains the SL(2) algebra (TTBl . 

If we consider truncating the fundamental fields so that we only consider states \m) = 
(a^) m |0) for m < M — 1 then the higher spin group truncates to U(M). Therefore the 
covariant canonical form corresponding to the higher spin group is simply the M — > oo limit 
of that in the previous subsection. 

Therefore the results of the previous subsection generalise naturally to the higher spin 
case. Irreducible representations of the higher spin group are specified by Young Tableaux, 
Ai, (as observed in [27]). We have 

y®"=0 V£ s ®Vfc (92) 

Aihn 

= vfw ® vggVLmxs*) s V (s n) (93) 

Ai,A 

The first line is the standard Schur-Weyl duality for U(M) in the limit M — > oo. Each higher 
spin representation, Ai, then decomposes further into an SL(2) irrep A and the commutant. 
The Clebsch gving the first line is given by flHHj) . The canonical covariant operators which 
form irreps of the higher spin group are given by (|89|) with X m replaced by (l/m\)d m X. 



5.4 The SO{6) sector 

We have 6 hermitian scalar matrices in M = 4 SYM, transforming in the fundamental 
of SO (6). We know from the general discussion in Section @] that the 5*0(6) covariant 
diagonalisation of free field correlators will be solved once we have solved the Clebsch-Gordan 
problem for 50(6) x S n in V® n . Here V is the fundamental of 50(6). 

ydn = 0^/<f" , ®V A < f (6, 

Ai,A 2 

We first decompose the n-fold tensor space according to the S n symmetry. The Schur- 
Weyl dual of S n is GL(6) hence the decomposition in the first line. In the second line, 
we decompose the GL(Q) representations to 50(6) representations. The dimension of the 
multiplicity space Va 15 a 2 is given by 

DimV AlM = 9( A 2, 25; A x ) (95) 

5 

Ax is a Young diagram with n boxes, 25 is a partition with even parts, i.e. Young diagram 
with even row lengths. The sum above includes a sum over k > 0, where 2k is the number 
of boxes in 28 and n — 2k is the number of boxes in A2. 

The representations of GL(6) are labelled by Young diagrams with row lengths Ai > A2 > 
• • • Ag > 0. The representations of 50(6) are labelled by Ai > A2 > | A3 1 > 0. The last label A3 
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can be positive or negative. For A3 = the irreps are constructed by symmetrising according 
to the Young diagram and projecting out traces. When | A3 1 > the corresponding operation 
of Young-symmetrising and removing traces leaves us with a reducible representation, which 
is a direct sum of irreps. (Ai, A 2 , A3) © (Ai, A2, —A3). The operation 7r which appears in ( l94lh 
when it acts on any GL(6) Young diagram Ai gives either zero or a Young diagram obeying 
the 5*0(6) constraints. It is defined in terms of an operation on Young diagrams in [31j . 

We have arrived above at the 50 (6) x S n decomposition by first decomposing into GL(6) x 
5 n , then reducing the GL(6) to 50(6). We can equally start by decomposing in terms of 
50(6) x Eq(u) where Eq{ti) is the commutant of 50(6) in V® n described for example in 
[32] . A subsequent decomposition of E 6 (n) to 5 n should yield the same result as (194)) . This 
follows from general theorems on double commutants which assert that if A is a subalgebra 
of B, and End(B) C End(A) are their commutants in some vector space, then the reduction 
multiplicities for irreps of B — > A coincide with those of End(A) — > End(B) (see p2] ). In 
this case the reduction multiplicities of GL(6) — > 50(6) coincide with those of E§(n) — > S n . 

5.5 The 50(4,2) sector 

In considering the sector of a scalar field X with all four derivatives acting on it, we can 
use the 50(4,2) symmetry. Generalizing the linear combinations A\ of oscillators which 
generate the lowest weights in the 5L(2) sector, we now have A\ x where A is an index in the 
fundamental of 50(4) C 50(4, 2) and as before a is in the hook representation Vh = [n—1, 1] 
of S n . Lowest weights annihilated by K\, with k derivatives acting on n-field composites can 
be constructed from oscillators of the form 

4 1 a 1 <a 2 ---<aJ0> (96) 

The simplest class of such LWS are those in which the indices (Ai,A 2 , ••• , Xk) are taken 
to be a symmetric traceless 50(4) tensor corresponding to the 50(4) Young diagram [k]. 
These states satisfy a type of extremality condition Lq = n + k. More generally we will 
have states of the form ( 1961) which involve contractions of the Aj. In these cases we have 
to mod out by the equations of motion, which leads to a projection of the Sym(VH ® Vh) 
representation of A\ iX A\ 2X to the S n representation [n — 2,2]. This has dimension n( "~ 3 ) 
which is the number obtained by subtraction of n, for the equations of motion, from the 
dimension n ^ n ~ 1 ^ Q f Sym(VH <8> Vh)- Work on a complete solution of the diagonalisation in 
this sector, using the above facts to give a symmetric group description of the 50(4, 2) x S n 
Clebsch-Gordans, is in progress. It is clear that the symmetric 50(4) operators involving 
the contractions will have L > n + k. The 'extremal' operators mentioned above will be 
useful in the comparison to excitations of half-BPS giants in Section [71 
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5.6 Fields carrying reps of product groups 

Suppose the global symmetry group has the form Gi x G 2 . We consider a field \&fc, m where 
k is an index transforming under irrep V\ of G\ and m transforms under irrep V 2 of G 2 . 
Consider the covariant operator 

(C^fci,m 1 ;fc2,m 2 ;--- ;fc„,m„) J = (^fci,mi)ji (^fcj.mj) ' ' ' (^ k n,n%n) j™ (^7) 

Fields with n factors transform under the irrep (Vi ® V^)®". With a E S n acting simulta- 
neously on V\ and V2, the commutant of G\ x G 2 contains S n . We can consider the group 
G\ x G2 x S* n acting on the n-field composites. Correspondingly there is a decomposition of 
the n-fold tensor product into irreps. of G\ x G 2 x Sn. The irreps are related to the product 
states as 

|Ai, M Al , A 2 , M A2 , A 3 , m A3 , r) = C^^^^^ k, mj (98) 
Ai is an irrep of G\, A 2 of G 2 and A 3 of S n . Conversely 



% > ™) = C^' M ' MA *' A3 > mA *' T \A U M Al , A 2 , M A2 , A 3 , m A3 , r) (99) 



In terms of vector spaces this decomposition is 

(y 1 ®V 2 f n = Vg®Vg®Vft®V^% xGax3n) (100) 

Ai,A 2 ,A3 

r over the multiplicity space V^ i °™ 2 ^ 1 3 xG2xS ' n ' ) . 

The orthogonality of Clebsch-Gordan coefficients is the same as before and if we define 
operators 

(O a (o^Yj (101) 

k,m 

then the covariant two-point function is diagonal in the (A 1; M Al , A 2 , Ma 2 , A 3 , r) indices, 
exactly analogous to the single group case in equation (1771) . 

5.6.1 Product Clebsch in terms of single group Clebschs 

Another way that we could organise (Vi®V 2 )® n , in contrast to the G\ x G 2 x S n decomposition 
in fllOOp . is in terms of the separate groups 



(Vi <8> V 2 f n = Vf n ® V® n 



\Ai,A4 / \A 2 ,A 5 

We use the Clebsch Q^ 1,MA i ,A4 " mA 4' T1 f or q aric j Q^MA 2 As,m As ,T2 ^ „ Qj ven ^he simul- 

k m ___ 

taneous action of S n on (Vi ® V^)®", to connect this decomposition with that in fllOOp we 
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tensor together the two S n irreps V A ™ and Vf^ to get the irrep of the simultaneous S n action 



ySn 



Vl: 8 Vg« = Vfc C(A 4 , A 5 ; A3) (102) 



C(A 4 , A 5 ; A 3 ) counts the number of times V^ n appears in the S n tensor product (g) V^™. 
This construction shows us how to write down the relation between the G± x G2 x 5 n Clebsch 
and the (G*i x S n ) x (G 2 x S'n) Clebschs 

~ °fc °™ ° ™A 3 ™A 4 m As U Ud J 

The S n Clebsch- Gor dan coefficient C 7 " 3 ™ 3 gives the change of basis for the de- 

'<> m A 3 m A 4 

composition in (11021) ; it maps the states of the reps in ® V Ar n to those in . r 3 
labels the C(A 4 ,A 5 ;A 3 ) degeneracy. The r which labels the product group commutant 
^a^aJ ^ xG2x5 ™' ) is now a combination of the separate group multiplicities and the S n tensor 
label r 3 : r = (ti,t 2 ,t 3 ). 

T/ Com(Gi xG 2 xS„) _ /TN T/ Com(Gi xS„) T/ Com(G 2 xS n ) ^ / . \ .\\ (\C\A\ 
^Ai,A 2 ,A 3 - ^Ai,A 4 ® ^A 2 ,A 5 (->(A 4 , A 5 , A 3 J (104) 

A 4 ,A 5 

In the special case when the gauge group is U(l), so that the fields commute, A 3 (5" n ) 
is the trivial representation. This forces A 4 (S' n ) = A 5 (S n ). The same thing applies when 
considering bosonic oscillators carrying indices of G\ x G 2 - 



6 Gauge invariant operators 

We have organised n copies of the fundamental fields in terms of representations of the global 
symmetry group G. 

A,M A ,A 1>mAl ,r = Cf iMA>AlimAijT W mi ®W m2 ®---®W mn (105) 

We now introduce the U (N) gauge group indices 

(WJ] (106) 

and view the W m as operators on the fundamental representation Vjv of U(N). To form 
gauge-invariant operators we multiply these matrices together and then take products of 
traces organised by the symmetric group element a G S n 

tr(a W mi ® W m2 s • • • ® W mn ) = (W mi )l (1) (W m2 )T a(2) ■ ■ • (^Jt (n) (107) 

where the trace is being taken in V§ n . We can reorganise these in terms of representations 
R of U(N) using the Schur-Weyl dual S n representation matrices D^(a) 

^ £ Dg(a) tr(a W mi ® W m2 • • • ® W m J (108) 
24 



As a representation of U(N), R has at most N rows. 

Combining the free S n indices with an S n Clebsch-Gordan coefficient gives a gauge in- 
variant operator 

A,M A M,r,R,T Al , R = C r Al , R R R CJ^^I £ tr(a W mi ® • - • ® W^) 

= C TAl ' fl ^ f ? ^ E tr ( a A ' MA ' Al ' mA - r ) (109) 

We can invert the Clebschs to recover from these operators the basic gauge invariant oper- 
ators in ( 1107!) . This means that our new basis is complete. It also counts correctly at finite 
N, as demonstrated in the next section. Furthermore, following the methods of [TH], it is 
fully diagonal in all its labels. 



q\,MaAi,t,R,t Ai ,r ^t) A '' M ^" A ^' T '' JR '' r Ai,i^' , 

- OAA'dMAM^OAiA'/rr' C 1 m Al i j G 1 m ' , fc J 

A i 

\ E E ^*V) E ^u, w^- 1 : 



n z — * J m 



<W $m a m' a , S Ai a[ $tt> Srr> 5 t Ai ,rt' a[r , -^T LmmR ( U °) 



In the second line we have used the canonical covariant correlator ( 1771) . Dimi? is the U(N) 
dimension of R. 

6.1 Finite N counting 

We show here that the operators defined in equation (11091) count correctly for finite N. The 
finite N partition function is given in terms of the single letter partition function /(x), for 
bosonic x, by an integral over the U(N) matrix U 



Z = J [dU] exp |E ^/(x m )tr(C/ t ) m trC/ m J (111) 

/(x) is the character of the fundamental representation Vp. For U(3) it is 

f(x m )=z? + x? + x? (112) 

and for SL{2) it is 

/(* m ) = ( 113 ) 

Now we perform the group integration for U(N) following [21] (see also |35j). If we 
expand out 

exp |E ^/(x m )tr(t/ t ) m trf/ m | (114) 
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we get 

n 1 

E E II (f^Y J ir-i Mato tr(a^) (us) 

n d<=S n j=l J j ' 

where C\ is a partition of n or a conjugacy class of S n with ii 1-cycles, %2 2-cycles, . . . i n 
n-cycles. In -q— - the j* j comes from the — in (11141) and the ij\ comes from exp(x) = ^ k ^x k . 
Using the identity tr(dU) = J2r(u(N)) Xr{C\)xr{U) and the group integral 

J[dU}x R (U)xR>(tf)=5 RR , (116) 
we get the finite N partition function 

- 1 

Z = H E EIl(/( x, ))'^w)^) ( 117 ) 

Now if we treat x as a diagonal matrix (for U(3) we have (xi,X2,xs) on the diagonal, for 
SL{2) we have (q, q 2 , q 3 , . . . )) and use 

n 

(/(x>"))* = tr(ax) = £ XA 1 (Q)XA 1 (x) (118) 
3=1 Ai(S„) 

then we get 

Z = E E E XAxWC^^AO (119) 

n R(U(N)) Ai(S n ) 

where C(R, R, Ai) is the number of possible ta^b multiplicities in (11091) . i.e. the number 
of times Aj appears in the symmetric group tensor product R ® i?o As representations of 
U(N), we only sum over Young diagrams R with at most N rows. 

We have treated the global symmetry group here as GL (00). A further decomposition 
into irreps. of G gives 

< L(00) = E V ° ® (120) 

A 

When we do this we finally see that the operators in fll09[) provide this counting. 

Z = E E EE^JaW^^Ai) (121) 

n R(U(N)) A(G) Ai(S„) 

where Xa( x ) is now a G character and o?a,Ai is the dimension of Va,Ai labelled by the r index 
in (TT09D . 

2 C(i?, S,T) = ± J2 a£Sn X r{v)xs(<j)xt{<t) and f[" = i = ^ where is thc size of the class 
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7 Worldvolume excitations of giants and gauge invari- 
ant operators 

7.1 Worldvolume excitations: review and comments 

We review and comment on some results from [22] on the worldvolume excitations of half- 
BPS giant gravitons. Consider 3-brane giants expanding in the AdS 5 . Use coordinates 
(t, v\,V2,V3, U4) for the AdS where we have a metric 



ds 



2 



1 + 5>D^ 2 + L 2 (S l3 + ^ )dv t dv 3 (122) 



L is the AdSs or 5 5 -radius. The 5* 5 can be described in analogous coordinates 



1 



ds 2 = L 2 [(l - V yftdtf + (*<,■ + _f^_ 5 )dy i dy i ] (123) 

k=l 1 Vk 

In global coordinates the AdS metric is 

2 j 1 

ds 2 = -(1 + ^—)dt 2 + 2 + r 2 dfi 2 (124) 

It is also useful to write the S 5 metric as 

ds 2 = L 2 (d9 2 + cos 2 6d(f) 2 + sin 2 6dttl) (125) 
The AdS-giant graviton solution has 

= UJot 
1 

P* = N( r j-) 2 (126) 

and the half-BPS property guarantees the energy is E = The brane worldvolume coor- 
dinates are r, a±, (7 2 , 03. The coordinate r is identified with the global time t. The <Ti, fj 2 , 03 
are identified with angles in AdS. 
The fluctuations are expanded as 

r = r + e £r(r, cri, a 2 , a 3 ) 
= c^r + e 50(r, o- 2 , 03) 

J/* = e <fyfc(r, o-i, 0-2, a 3 ) (127) 
These perturbations are expanded in spherical harmonics. 

5r(T,<Ti) = 5r e'^Y^r, ^) 
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6<f>(T,<Ti) = 6<l> e'^Ytir,^) 

8y k = ~5y k e- i ^Y l {r,a i ) (128) 

The ((f), yk) are coordinates for the sphere 5 5 . The Y\ are spherical harmonics on 5 3 C AdS^. 
They are symmetric traceless representations of 5*0(4). They have a quadratic Casimir 
/(/ + 2) for the symmetric traceless representation of dimension (/ + l) 2 . The frequencies of 
these oscillations are calculated from the linearized equations of motion of the brane actions 

5 = S DBI + S cs (129) 

They lead (after a small simplification of expressions in [22]) to three solutions 

I 

U - = L 

I + 2 
" + = — 

/ + 1 . . 

uj = —— (130) 

Lj 

The modes with frequencies u± are related to linear combinations 5r, 5<p. The frequency uj 
is related to four modes Sv m which transform in the fundamental of 5*0(4) in 50(6). It is 
very interesting that these are all integer multiples of the AdS-scale and approach uj = l/L 
in the large / limit. Note also that u is the frequency for oscillations in t , the global time 
of AdS. The energies of the fluctuating giant gravitons are given by E = ^ + uj where n is 
the angular momentum of the background giant. The energy is related to scaling dimension 
in the dual CFT [3]. These energy spacings in integer units of -g are precisely the sort of 
spacings we get in free Yang Mills theory. Taking large angular momentum limits as a way to 
reach a classical regime where strong and weak coupling coupling can be compared directly 
is familiar from [3"5] . 

The Yi tUl are representations of 50(4). Specifying the eigenvalues of the Cartan amounts 
to fixing two spins Si,S%. The SL(2) sector of gauge theory operators we considered, in- 
volving multitraces of df +i2 X n corresponds to rotations in a fixed plane. This means that 
in each space of spherical harmonics of given / we are looking at a single state. Now if we 
consider a second quantization in the field theory of the branes, we would introduce a Fock 
space generator a] for each spherical harmonic. This has energy l/L above the background 
energy of the brane. General states look like 

a\ kl a\ k2 ■ ■ ■ |0> (131) 

The number of states at excitation energy k is the number of ways of writing k = ki + Ik^ + 
■ ■ • = which is the number of partitions of k. When we restore the full 50(4) we 

have states of the form 

< mi «Ln 2 ---|°) (132) 
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In this case it is useful to restrict attention to the symmetric traceless representations [k] 
of SO (4) with excitation energy equal to k. In this case, the number of excited states of 
total energy Lq = n + k is again given by partitions of k. In the discussion below we will 
show that that there is an easy way to get these states from the gauge theory. In greater 
generality we should consider states of the form 

<, mi ,lA,rn 2 ,I 2 ---m (133) 

where J's are indices running from 1 to 6 which label the six eigenmodes built from (11281) . 
Four of these are in the fundamental of 50(4) C 50(6). The fact that the excitation energies 
are spaced in units of \ (rather than in units of the brane size) was a bit of a surprise, 
discussed at length in [22]. An important point is that the kind of integer spacing in (11301) 
is exactly what we have in free Yang Mills limit of the dual CFT. We will see below that 
this Fock space structure of orthogonal states emerges indeed from the construction of gauge 
invariant operators in the free dual Yang Mills theory. A connection between excited giant 
gravitons and the formulae for excitation energies ( 11301) was made in [36]. The unravelling 
of the Fock space structure of giant graviton worldvolume field theory from gauge invariant 
operator counting given below is new. 

7.2 Comparison to gauge invariant operators 

We have constructed, in section [21 the lowest weights of the SL(2) sector by mapping states 

AlAl 2 ---Al\0) (134) 

in an oscillator construction of SL{2) to gauge theory operators. The index a transforms 
in the hook representation [n — 1, 1] of S n . The A^s are bosons so we are looking at the 
symmetric tensor product of the hook. These were constructed as lowest weight states 
generated by which forms part of the 50(4,2) conformal algebra. These excitations 
correspond to exciting one spin inside AdS (for more details on the geometry of multiple 
spins see for example [37] in the context of spinning strings), hence to states of the form 
( 11311) . After describing how to lift this to more general 50(4,2) states, we will show that 
the counting in the case of single giants agrees with the bulk analysis reviewed above. Note 
for now that the above states transform in Sym{V^ k ) of 5 n . 

When we consider the full 50(4, 2) symmetry, we have additional generators K\ forming 
the fundamental of 50(4). Correspondingly we have P\ transforming in the fundamental of 
50(4). When we consider lowest weight states annihilated by all the K\, we have states of 
the form 

<a 1 <a 2 "--<aJ0) (135) 

Among these LWS are those transforming in the symmetric traceless representation of 50(4) 
associated with the symmetric Young diagram [k] and with energy L = n + k. As discussed 
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in l5.5t these are a simple class of states which do not require projecting out of states due to 
the equations of motion, which require setting P\P\ to zero. Since the A's are symmetrised, 
and the are bosons, the indices a±, ai-, ■ • ■ , a/ are symmetric, i.e. we have the symmetric 
/c-fold tensor power of the hook representation [n — 1, 1] of S n . Orthonormal states in this 
sector are then written as 

G^^a^^^.-.^IO) (136) 

The first Clebsch's are for the symmetric traceless of 50(4) which are precisely the represen- 
tations we discussed under (I132p . The second Clebsch have been discussed before in Section 
2. They decompose the Sym(V^ k ) into irreps. of A x of S n . When we form gauge invariant 
operators as in Section [6] there are constraints relating Ai to the U(N) Young diagram R 
which organises the traces. This representation R in the half-BPS case allows a map to the 
type of giant [8]. Young diagrams with a few (order 1) long (order N for example) columns 
map to sphere giants. Those with a few long rows map to AdS giants. Non-abelian world- 
volume symmetries emerge when we have rows or columns of equal length. This map also 
works for open string excitations and there are elegant tests involving the counting of states 
which are sensitive to the presence of non-abelian symmetries [TUl [TTj . 

Consider Young diagrams of the form R = [n] which correspond to single AdS gi- 
ants of angular momentum n. Recall that the gauge invariant operators are labelled by 
R, A n+ k, M, Ai, r, ta u r- R is a U(N) irrep. A n+ k is the lowest weight of the SL{2) which 
is completely determined by the excitation energy I. M labels states in A n+ k- Ai is an 
irrep. of S n . r runs over the multiplicity of Ai in the symmetric tensor product of the hook 
representation, t^r runs from 1 to C(R, R, Ai). For fixed R the multiplicity of LWS is 

C{R, R, A 1 )MM/t(Sym(Vf fc ), Ax) (137) 

Ai 

By summing over states for fixed R we can get excited states of a fixed type of giant world- 
volume. In particular we are interested in R = [n]. The inner tensor product of R with itself 
only contains the identity rep. A x = [n]. So the number of lowest weights at level k is just 
the multiplicity of [n] in the symmetric tensor product of the hook. We have a generating 
function for this derived in Section 3. The generating function including the descendants, is 
(using (1471) or (1511 ) 



(l_g)(l_ g 2)( 1 _ 5 3)...( 1 _g») V , 

The coefficient of q k is the number of partitions of k with no part bigger than n. Note that 
n is the number of boxes in the Young diagram describing the giant. For the semiclassical 
approximation of giant brane worldvolume to be valid, this is of order A^ (for a close to 
1), k is the excitation on the brane worldvolume, which we are treating in a linearized 
approximation, so we certainly want that to be small compared to n. When k is smaller 
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than n, the above just counts unrestricted partitions of k. This matches the counting of 
Fock space states in (11361) . 

Hence, in the regime of interest, where k is much bigger than one (so we can expect GKP 
[38] type arguments to be valid) but smaller than the energy of the brane, the above counting 
of partitions of k is exactly what we are getting from quantizing a class of vibrations of the 
AdS giant. Using this emergence of Fock space structures from the counting of states in the 
tensor product of Sym(V^ ,fe ) we therefore find the correct counting of gauge theory operators 
which correspond to states of the form (11311) and f l 1 3 2 f) with energy Lq = n + k and with a 
single spin k in the case (I13ip or with SO {A) representation [k] for (1 132f) . 

In fact we can also see where the six different species of oscillations could come from. In 
the above discussion we have been considering BPS giants built from Schur polynomials of 
X = Xi + iX 2 and then perturbed by replacing X with derivatives Pa acting on X, of the 
form P£ X. We could also consider powers of Pa acting on X{ (with % = 3, 4, 5, 6 ) replacing 
the X. And finally we can consider powers of P\ acting on X* as the impurities. So in all 
we have six types of impurities P£X, P£X' , P£Xi. These correspond to six sets of gauge 
invariant operators matching states with the right energies of the form f 1 1 3 1 j) . which come, 
in the spacetime worldvolume analysis to exciting quanta of 8r, Sv m , S(p excitations. Given 
the simplicity of oj- we would expect that they correspond to the simplest construction in 
gauge theory, namely using P£X impurities, which they match precisely in energy. If we 
consider the states in (11331) and restrict to the case where all the impurities are of the same 
type and the SO (4) representation is [k] with the energy being E = n + k, then the above 
discussion extends easily to give the corresponding gauge theory duals. A complete account 
of the case with mixed impurities will be left for the future. 

7.3 Comments 

There are many interesting extensions of the above discussion which could be considered. We 
have chosen the simplest R of the form [n] which correspond to AdS giants. If we consider 
R = [ni, n 2 ] and sum over Ai as in (I137p this should correspond to excitations in spacetime of 
multiple-giants described by a U(2) (if ni = n 2 ) or U(l) x U(l) (if ni ^ n 2 ) worldvolume DBI 
gauge theory. A similar simple counting of states holds true for excitations of S-giants [22]. 
They will be associated to spherical harmonics of an SO (A) in the 5*0(6). So we expect that 
excitations in the gauge theory from the 5*0(6) sector should also have this kind of free field 
counting in an appropriate large angular momentum limit. The 50(4) C 50(4, 2) excitations 
considered in (11361) also exist for R = [l n ] . They should correspond to excitations of sphere 
giants, but it is not obvious to us how a Fock space structure emerges from considering their 
motions in the transverse AdS. It will be interesting to clarify this puzzle. 

Note that we are making here a comparison between zero coupling in Yang Mills to 
spacetime calculations dual to strong coupling Yang Mills. This works best for large angular 
momenta where / is large so that the frequencies can all be approximated by u = I, but 
smaller than n which is the large angular momentum of the giant. This gives a different 
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context of excitations of giant gravitons, where the basic idea of large quantum numbers 
allowing strong to weak coupling comparisons [HE] continues to apply. Here the parameters 
N, k, n are all large. 

There have been earlier discussions of supersymmetric states obtained from the quantiza- 
tion of moduli spaces of giants and the comparison with gauge theory counting [39lH0ll^TlH2] . 
In the discussion above we have been interested in all the excitations in the free theory of 
a given half-BPS giant. A subset of these will be supersymmetric but a lot of the states 
will be non-supersymmetric. We expect that, in analogy with discussions of semiclassical 
strings [38], E7] appropriate limits of large quantum numbers can be used to compare non- 
supersymmetric states. The new technical ingredient in the above treatment is the use of a 
diagonal basis of gauge theory operators at finite N, where the label R allows the identifica- 
tion of the giant in question, and additional global symmetry labels help the map to objects 
in spacetime. The use of symmetric group data in organising the multiplicities of states for 
fixed R and fixed global symmetry quantum numbers shows the emergence, in the limit of 
large n, of Fock space counting from properties of symmetric group decompositions such as 
Sym(V^ n ). At finite n we have a cut-off Fock space. 



8 One-loop mixing in J\f = 4 

In the one-loop mixing of the Clebsch-Gordan basis introduced in [JS] for the G = U(2) 
sector of Af = 4 super Yang-Mills was analysed. These operators only mix if the U(N) 
representations specifying their multi-trace structures are related by the repositioning of a 
single box of the Young diagram. Here we find the same result for the full PSU (2, 2|4) sector, 
using our general characterisation of multi-trace operators with arbitrary global symmetry. 
The complete one-loop non-planar dilatation operator is given by 

D(g) = D -ffH + O(g 3 YM ) (139) 

where 

oo 

H = Y,h(j)(P^ B D :tr([W A ,W c ][W B ,W D ]) : (140) 

3=0 

(W c )) is the derivative ^^j- h(j) = Y&= 

_! | are the harmonic numbers and Pj is the 

projector for Vp® Vf — ®jVj. For SL{2) and PSU(2, 2|4) Vj appears with unit multiplicity 
in Vp 2 (cf. ( 1431 where m(j, 2) = 1)§. The dilatation operator separates out Vp 2 in Vp n and 
then projects onto it with the factors in (11401) . 

The action of the dilatation operator has been analysed in the planar limit for single 
traces using the Bethe Ansatz (see for example jSJ^S])- In the non-planar limit multi-trace 

3 In the SL(2) x S2 decomposition of Vp 2 , the symmetric representation V^ 2 appears with even j and 
the antisymmetric Vm'i with odd j. 
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operators can join and split [IS]. We will find that the mixing is neatly constrained if we 
organise the multi-trace operators using U(N) representations as we have in (11091) . 

The action of H on tT(aW mi ■ ■ ■ W mn ) is compactly written by introducing an extra index, 
tracing in V^ +1 rather than V$. The extra index encodes awkward contractions in the action 
of the dilatation operator. 

: tr([W A , W C }[W B , W D }) : ti{aW mi ■ • • W mn ) = 

rrw E t-^Cw E f^pJ tT ^ (p^ Ww mCT(1) ■ ■ ■ w m<T{n _ 2) w A w B i N ) 

In is the N x N identity matrix. f(pi, p 2 ) is only non-zero on the S3 subgroup of S n+ \ that 
permutes the n — 1 and n indices, where the derivatives act, and the new n + 1 index. Its 
non-zero values give the four terms of the commutators in (I140p . 

/((n-l,n), (n,n + l)) = l 
/((n-l,n + l), (n,ra + l)) = -l 
/((n,n + l) , (n-l,n + l)) = -l 

/((n,n + l), (n-l,n)) = l (141) 

If we introduce the projector we find 

00 

X>tfX P i)cD = tr([^,jy c ][P^,W> D ]) : tr(aW mi • • • W mn ) = £ /( Pl ,p 2 ) 
3=0 pi,/f2e5 n +i 

fa _ 2) , E E ^ tr "+! (Pl^" 1 "^^^) • • • W ™^ 2) Pj (^,„_/m lW ) liv) 

^ <xes„ j=o 

Now consider the action on our gauge-invariant operator (11091) 

pX,P2&S n +l a£S n 

OO 

E ^0')Ct A / A ,A limAl ,. tr n+1 ( Pl «p 2 W mi • • ■ W rnn _ 2 P 3 {W mn ^W mn ) I N ) (142) 
i=o 

Here, using properties of our operators, all the a actions cancel. 

To encapsulate the action of the projector we rewrite the covariant decomposition of Vp n 
in terms of Vp n ~ 2 ® V® 2 . We unclutter the notation by defining | A) = | A, Ma, A, m\, r) for 
the covariant basis. 



|a)=E^a E c %-> c & l A "~ 2 > ® l A2 > 

m A"" 2 ,A 2 

= (A n ~ 2 ,A 2 |A) I A"- 2 , A 2 ) (143) 
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I A n 2 ) lives in Vp n 2 while |A 2 ) lives in Vp 2 . fh n 2 = (m 1; . . . , m n ,_ 2 ) and m 2 = (m n _ 1; m n ). 
The projector in (11421) projects onto A 2 = j. The one-loop two-point function is then 



(n-2)! 

E Mi) (A'lA"" 2 , A 2 ) (A"" 2 , A 2 |A) tr n+1 (p 1 ap 2 a l V+ 1 ) (144) 

A"- 2 ,A 2 =j 

The trace can be expressed as a sum over (n + l)-box representations T of S n+ i and U(N) 
with at most N rows. 

tr n+ i (piap 2 a'I^ +1 ) = ^ xrlPi^aQDimT (145) 

Thn+l 

The a and a' sums in (I144p force T to reduce to both R and R! for the 5 n subgroup of S n+ \. 
Since T reduces on its S n subgroup to those Young diagrams with a single box removed from 
T, R and R' must be related by the repositioning of a single box for this one-loop two-point 
function not to vanish. This analysis is pursued in more detail in |43j . 

The one-loop non-planar mixing of this complete basis of multi-trace operators is therefore 
highly constrained. Although the operators are not diagonal at one-loop, their very limited 
mixing suggests they are close to the eigenstates. It would be particularly interesting to find 
the sixteenth-BPS operators at one loop and gain an understanding of the counting of black 
hole entropy, along the lines of [171 H2] • 

9 Summary and Outlook 

We have given a general construction of diagonal gauge invariant operators for a U(N) gauge 
theory with global symmetry G in the free field limit. The Clebsch-Gordan coefficients for 
the G x S n decomposition of Vp n , where Vf is a fundamental representation of G, play 
a crucial role. We have exploited the result of [15] which showed that once the covariant 
correlators are brought to a standard form, which we have called the "canonical covariant 
form" then the gauge invariant diagonalisation follows using Clebsch-Gordan coefficients of 
S n . The G x S n decomposition contains representation labels A, Ai of G and 5^ respectively. 
We showed in this paper how to use the corresponding Clebsch-Gordan coefficients, obeying 
standard Clebsch orthogonality properties ( 1691) . to construct operators with correlators of 
the canonical covariant form (1771) . 

The construction of gauge invariant objects uses a representation label R corresponding 
to U(N) and its Schur-Weyl dual S n . This label appears in the simplest set-up in the 
half-BPS sector [8], and is interpreted in terms of giant gravitons. The final step of going 
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from canonical covariant form to gauge invariant diagonal form uses the Clebsch-Gordan 
coefficients for the S n inner tensor product R <g> R — > Ax. We showed that the construction 
of a diagonal basis of gauge invariant operators matches the counting of gauge invariant 
operators done using Matrix Model techniques [2T] . 

As special cases we have considered G = U(M), SL(2), SO(Q) which are relevant to 
specific sectors of M = 4 SYM theory. In the case of U(M) we have shown that the multi- 
matrix diagonalisation result of [T3] contains a formula for the Clebsch-problem of U(M) 
decomposition of V^ n in terms of the symmetric group data of branching coefficients. For 
SL(2) we have shown how the SL(2) x S n Clebsch-problem for the n-fold tensor product 
of the discrete series representation spanned by X, dX, d 2 X... can be solved by considering 
one energy level at a time, labelled by k, the total number of derivatives involved in the 
n-fold tensor product. The total number of lowest weight states appearing at fixed k can 
be neatly described in terms of oscillator constructions of SL(2). This leads to a mapping 
of the problem of diagonalising the multiplicity of LWS at fixed k into a problem involving 
the S n x Sk decomposition of the /c-fold tensor power of a hook representation of S n of 
dimension n — 1. This S n x Sk problem has some surprising Fock space structures in the 
large n, k limit. These structures have been used to identify gauge invariant operators with 
energies and multiplicities matching those appearing in earlier work on the excitations of 
giant gravitons computed from the point of view of a worldvolume analysis [22\. 

We expect that further investigations on the diagonalisation of gauge invariant operators 
will allow more detailed comparisons between excitations of giant gravitons in spacetime and 
gauge theory operators. Comparisons going beyond free fields in gauge theory and beyond 
the leading semiclassical approximations in giant gravitons will also be instructive. The 
formula for the 1-loop dilatation operator acting on our basis, given in Section ([8]), is a step 
in this direction. 
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A Clebsch-Gordan decomposition for 

We will collect several useful facts about the decomposition into S n x Sk representations 
of the fc-fold tensor product V§ of the hook representation Vjj of S n associated with the 
Young diagram [n — 1, 1]. 
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A.l Multiplicities from characters 



The /c-fold tensor product decomposes as follows 

Vf * =0y Al ® V A2 ® 7 Al , Aa (146) 

Ai,A 2 

Here Va x is an irrep of S n , V\ 2 is an irrep. of S k , and is an irrep of Com(S' n x S k ), 

the algebra commuting with S n x in the V§ k . 

The dimensions <iAi,A 2 °f Vai,a 2 appear in the oscillator construction of LWS (lowest 
weight states) in the tensor products of the fundamental SL(2) representation. We can 
calculate these dimensions using characters of S n and Sk- 

d AlM = tr v§k f^- ® ^\ (147) 



The projectors Pa 1 , Pa 2 are given by 



and 



A 2 



Hence we can write 



d^M = E XK ^ T ^\ E X*i( a ) tr v* k ( T <g> a) 

= h E ^ 2 w^ E n(^(^)) Ci(T) ( 15 °) 

For computer code to calculate this multiplicity see Section O Here Cj(r) is the number of 
cycles of length i in the permutation r. To see this note that 

(ai..a k \ a \ai..a k ) = {ai..a k \a(ai) ■ ■ ■a(a k )) 
(ai..a k \ t |ai..a fc ) = (ai..a fc |a T( i) • • • a T(fc) ) 

H a |a 2 > = (151) 



A. 2 Clebsch-Gordan coefficients 

For the Clebsch-decomposition of V® into A 1 (S' n ) (g> A 2 (Sfc), the first thing we need is the 
multiplicities. We also need in Section 2 the properties of the Clebsch-Gordan coefficients 
for the case A 2 = [k]. Here we state some general properties valid for any A 2 . 

For the basic Clebsch problem of coupling a pair of irreps to a third R ® S — > T we have 
previously used formulae of the type DDD = CC and DDC = DC derived for example in 
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[48^1 These were derived by inserting complete sets of states etc. Similar techniques lead to 
similar equations, which allow us , given the matrix elements of S n irreps., to compute the 
Clebsch. 

The following is the analog of DDC = DC 

D bl a T{1) (°) D b 2 a T{2) {?) ■ ■ ■ D b k a T{k) {°)Ca,...a k 

ai,— < a k 

= JiM^V 2jD A, {a)D A 2 () (152) 

The following is the analog of DDD = CC. 

V Vd 41 , (a)D M , (r) D" (&)■■■ D? h (a) 

E r y^A 1 .A 2 ,Ai,A 2 ,m Al ,m A TA^A^A^Aa.m^.m^ 



TAi ,A 9 



A. 3 Symmetrised Clebsch from ordinary Clebsch 

Now we specialise to give the properties for A2 = [k] which involve the symmetrised Clebsch. 
The symmetrised Clebsch-Gordan coefficients with the properties used in Section 2 can 
be obtained from the Clebsch-Gordans for ordinary tensor products V§ h . Consider states 
|ai, a-i ■ ■ ■ a k ) in the tensor product. The action on the tensor product is 

<r\ ai , ■ ■ - , a k ) = D* ai (a)--- Dj 0fc (a) \b u ••-,&*} (154) 

This action of cr G S* n commutes with permutations which act as 

a\a u ■■■ , a k ) = \a a{1) , • - • , a Q(fe) ) (155) 

The symmetric subspace of V® k is isomorphic to the space of k oscillators A ai ■ ■ ■ A ak . We 
can identify A ai ■ ■ ■ A ak with 

Psyrn 

\ai, ■ ■■ ,a k ) (156) 

where the projector is P sym = X] a es fe a ac ^ m g 011 V® k . The usual Clebsch decomposition 
gives the transformation matrix from the tensor product basis to a basis of irreps. | Ai, i, r) 
where r is a multiplicity index and % is runs over the dimension d^ x . Since P sym commutes 
with S n , its eigenvalues are constant on irreps, and since it is a projector they are 1 or 0. 
We can define the symmetric irreps A\,i to be the set left invariant by P sym . So we have 

P sym \Ki, i, t) = I Ai, i, t) (157) 



A minor notational point is that we are using the symbol C for Clebsch in this paper rather than S as 
in [TSJ and 08] . 
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The Clebsch-Gordans restricted to the symmetric irreps are the symmetrised Clebsch-Gordans 

= (Ai,i,r\a 1 ---a k ) 
= (Ai, i, r\P sym \ax • • • a k ) (158) 

If we permute the vectors in the tensor product we have 

C tiy-a a(k) = ( A i> z '> r\P sym a\ ai ■ ■ ■ a k ) 
= (A ll i J T\P sym \a 1 ■■■ak) 

= C£.t T k (159) 

The a can be absorbed in the redefinition of the summation over permutations in P sym . This 
gives the desired symmetry of the symmetrised Clebsch fl34|) . 

Orthogonality flHol) follows from the restriction of the usual orthogonality to the symmet- 
ric subspace. The identity ( l35|) follows by considering 



(Ai, i, r\a\bi, ■■■ ,b k ) = (Ai, i, r\P sym cr\b u • • • , b k ) 

= (Ai, i, r\crP sym \b u ■ ■ ■ , b k ) (160) 

and inserting on the left of a a complete set of tensor product states or on the right of a a 
complete set of symmetric irrep states. 



A. 4 Symmetrised Clebsch multiplicities 

We give some examples of the symmetrised Clebsch multiplicities for Vh = [n — 1, 1]. The 
tensor product of Vh ® Vh is decomposed into irreps as [n] + [n — 1, 1] + [ra — 2, 2] + [n — 2, l 2 ]. 
It can be checked that their dimensions add up to (n — l) 2 . If we drop the last we get the 
dimensions adding to n ^ n ~^ as expected form the symmetric product. So we have 

Sym(VH ® V H ) = [n] + [n - 1, 1] + [n - 2, 2] (161) 

To get Sym(V/f <S> <E> Vh) we first take the above symmetric tensor product and then 
a further tensor product with [n — 1, 1]. We need the tensor product 

[n - 2, 2] <g> [n - 1, 1] = [n - 1, 1] + [n - 2, 2] + [n - 2, 1, 1] + [n - 3, 3] + [n - 3, 2, 1] (162) 

The dimensions add correctly. Then we need to implement the symmetric projection. One 
finds that the following gives the correct dimension counting 

Sjm(V H ® V H ® Vh) = N + 2[n - 1, 1] + [n - 2, 2] + [n - 2, 1, 1] + [n - 3, 3] (163) 

So the representation [n — 3,2,1] together with one of the two reps [n — 2,1,1], one of 
the two reps [n — 2,2], and one of the three reps [n — 1,1] have been projected out from 
Sym(V H <8> V H ) ® V H . 
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B Action of S n on A\ in detail 

The orthogonal basis of A\ which we used in Section 2 has the property that S n acts on it 
via the standard Young- Yamanouchi orthogonal basis of the [n — 1, 1] hook representation 
(as given for example in [IE]). If = 1) are the 2-cycle permutations that generate 

S n then we have 

SiA\ = A\ for i < a — 1 and i > a + 2 
s „jt 1 A i | >/'(' + 2) lt 

= " -^4 +1 (164) 

We can identify the representation of S n formed by the A a using general arguments. It 
is easy to see that there is no invariant vector under S n , and that there is one invariant 
vector under S n -i (namely A n _i). The only irreducible representations of S n which contain 
the invariant of S n -\ are [n] and [n — 1,1]. Having ruled out the symmetric irrep. [n], the 
(n — 1) dimensional representation formed by the A a can only be the irreducible [n — 1,1]. 
More directly we can use the construction of the orthogonal representing matrices given in 
[IB], which uses branching arguments. 



C Code 



Code written to calculate the various multiplicities discussed here is available under the 
GN U General Public Licencel at http : //www . nworbmot . org /code/| It is written in python 
for use with the SAGE open source computer algebra system. 
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